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O ■ Several trilinear interactions of higher spin fields involving two equal {s = si = 

S2) and one higher even (53 > 2s) spin are presented. Interactions are constructed 
^ , on the Lagrangian level using Noether's procedure together with the correspond- 

^ \ ing next to free level fields of the gauge transformations. In certain cases when the 

number of derivatives in the transformation is 2s — 1 the interactions lead to the 
currents constructed from the generalization of the gravitational Bell-Robinson 
tensors. In other cases when the number of derivatives in the transformation is 
more than 2s — 1 we obtain the finite tower of interactions with smaller even spins 
less than S3 in full agreement with our previous results for the interaction of the 
higher even spins field with a conformal scalar [T, ^ . 



Abstract 



1 Introduction 



The construction of interacting higher spin gauge field theories (HSF) has al- 
ways been considered an important task during the last thirty years (See [3]-p^ 
and ref. ther^. The complications and difficulties which accompany any serious 
attempt to solve the essential problems in this area always attracted interest but 
activity intensified after discovering the important role HSF plays in AdS/CFT 
correspondence. Particular attention caused the holographic duality between the 
0{N) sigma model in three dimensional space and HSF gauge theory living in 
the four dimensional space with negative constant curvature [TT]. This case of 
holography is singled out by the existence of two conformal points of the bound- 
ary theory and the possibility to describe them by the same HSF gauge theory 
with the help of spontaneously breaking of higher spin gauge symmetry and mass 
generation by a corresponding Higgs mechanism. All these complicated physi- 
cal tasks necessitate quantum loop calculations for HSF field theory [12]- [18] and 
therefore information about manifest, off-shell and Lagrangian formulation of 
possible interactions for HSF. Then after successful calculations on the quantum 
level the construction can be controlled by comparison with the boundary 0{N) 
model results checking the AdS/CFT correspondence conjecture on the loop level 

m, m, m- 

In this article we continue the construction of possible couplings including 
different higher spin fields which was started in our previous articles about cou- 
plings including HSF and scalar fields [H [2], |12| and that are important for the 
Higgs mechanism mentioned above. Here we turn to the trilinear interaction 
between HSF gauge fields of different spins (s-s-s') in a flat background but the 
results can be easily generalized to the AdS background. The flrst three sections 
are devoted to the development of the idea: how we can apply higher spin gauge 
symmetry of a spin "s" gauge fleld to the fleld with a spin lower than "s". Then 
getting in this way information about the flrst order gauge transformation, we 
can handle Noether's procedure applying this flrst order transformation to the 
zero order free Lagrangian and integrating this variation to a flrst order trilinear 
interaction. Starting from the construction of the spins 1-1-2 and 1-1-4, we dis- 
cover in this simple case the same phenomenon as in the previously investigated 
scalar case [H 2], namely the appearance of the couplings with all even spins 
lower than the initial maximal higher spin gauge fleld involved in the interaction 
vertex (Section 2). Then we generalize the construction to the more complicated 
2-2-4 and then to 2-2-6 where the previously constructed 2-2-4 interaction again 
appears automatically (Section 3). The next section starts from the description 
of a technique for working with the HSF flelds in Fronsdal's ^19] formulation and 
de Wit-Friedman curvatures [201 EI]- In the same section we succeed with the 

* We do not pretend here for complete quotations and just present some references important 
for us during this investigation 
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construction of the interaction Lagrangian of spin type s-s-2s together with the 
first order higher spin gauge transformation. 



2 Exercises on spin one field couplings with the 
higher spin gauge fields 

We start this section constructing the well known interaction of the electro- 
magnetic field in flat D dimensional space-time with the linearized spin two 
field. Hereby we illustrate how Noether's procedure regulates the relation be- 
tween gauge symmetries of different spin fields. The standard free Lagrangian of 
the electromagnetic field is 

Co = -\f,,F^'' = J-d.A^d^A'' + (2.1) 
F^u = d^A, - d,A^, dA = a^A^ (2.2) 

To construct the interaction we propose a possible form for the action of the spin 
two linearized gauge symmetry 

5°/i(')^"(x) = 2d^^e''\x) = d^e\x) + d^'e^ix), (2.3) 

on the spin one gauge field A^{x). Then Noether's procedure fixes this coupling 
(1-1-2 interaction) of the electromagnetic field with linearized gravity correcting 
when necessary the proposed transformation. 

We start from the following general ansatz for a gauge variation of A^ with 
respect to a spin 2 gauge transformation with vector parameter eP 

6lA^ = -ePdpA^ + CePdpAp. (2.4) 

Then we apply this variation (12. 4p to (12. ip and after some algebra neglecting 
total derivatives we obtain 

5lCo = d^Pe^'^dpApd.AP ~]^ei^^)d,A,d^A- + ]^e^^){dAf + Cd^^e''^d,A^dPA, 

- ICd^^Pe-^dpA^pd^^A" + ^e^^^^d^A.d'' A^ - ^£(i)(M)2 

+ {C-\){dA)dPE''d,A^. (2.6) 

'''From now on we will never make a difference between a variation of the Lagrangians or the 
actions discarding all total derivative terms and admitting partial integration if necessary. For 
compactness we introduce also shortened notations for divergences of the tensorial symmetry 
parameters 

C)" - VAe^^"'", 6^2) = V.VAe'^^'^'", ... (2.5) 
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Then we have to compensate (or integrate) this variation using the gauge varia- 
tion of the spin 2 field (12.31) and its trace = 26(1) . We see immediately 
that the last line in (12.61) is irrelevant but can be dropped by choice of the free 
constant C = 1. With this choice we have instead of ( 12. 4p 

5lA^ = -e'^dpA, + ePdpAp = e>'F^„ (2.7) 

so that our spin two transformation now is manifestly gauge invariant with respect 
to the spin one gauge invariance 

S'^A^ = d,a, (2.8) 

and our spin one gauge invariant free action (12. ip keeps this property also after 
spin two gauge variation. Namely (12.61) now can be written as 

5lCo = d^^^e^^F^pF/ - -^e^,)Fp,F>^r (2.9) 
This variation can be compensated introducing the following 2-1-1 interaction 

A(A„/.2]) = V^^vl/(t\ (2.10) 

where 

= -^MP^/ + -^a.uF.^F"'^ (2-11) 

is the well known energy-momentum tensor for the electromagnetic field. 
Thus we solved Noether's equation 

5lC,{A,) + 5lCM,Mil) = ^ (2.12) 

in this approximation completely, defining a first order transformation and inter- 
action term at the same time. Finally note that the corrected Noether's procedure 
spin two transformation of the spin one field (12.71) can be written as a combination 
of the usual reparametrization for the contravariant vector A^j_{x) (non invariant 
with respect to (12.81) ) and spin one gauge transformation with the special field 
dependent choice of the parameter a{x) = eP{x)Ap{x) 

6lAp = e^Fpp = -e%Ap - d.e^Ap + 8, {e''{x)Ap{x)) , (2.13) 

A symmetry algebra of these transformations can be understood from the com- 
mutator 

[5;, 5l]A,{x) = 5\^^,^A,{x) + d, {e^v^Fp^ix)) (2.14) 
[ri,e]^ = r]fdpe^-e''d,ri^ (2.15) 
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So we see that the algebra of transformations (12.131) close on the field dependent 
gauge transformation (12. 8p with parameter a{x) = e''r]^Fpx{x). 

Now we turn to the first nontrivial case of the vector field interaction with a 
spin four gauge field with the following zero order spin four gauge variation 

^o^MPAa _ 45(MgPAa)^ ^Oj^j,x. ^ 2ejf). (2.16) 

where we have a symmetric and traceless gauge parameter e'^'^^ to construct a 
gauge variation for A^. In this case we first present final result and then explain 
details of the derivation. 

The solution of the corresponding Noether's equation 

6lCo{A,) + 6',CM,, h^'lMX) = 0, (2.17) 

after field redefinitions is the linearized Lagrangian for the coupling of the elec- 
tromagnetic field to the spin four and spin two fields 

Ci{Ap, h^^^^\ /i(4W) = ^/i(^)'^^°^^^tU + ^^^'^^'^pi^ (2-18) 
where the current \E'/iJ is the same energy-momentum tensor (12.101) and 

^ItU = d^aF/dpF,), - Igi^.d'F^^d'^Ff,), - ^gi,.d^F'^''dp)F^,. (2.19) 
The whole action 

CoiA^) + jCM,., /i(4W), (2.20) 

is invariant with respect to the spin one gauge transformations and the following 
higher spin transformations 

6'A^ = e^^^dpdxF^^ + la.e^A.^^i^'^^ (2.21) 

50^(4)Mz.a/3 _ 4^(Pg.a/3)^ ^Oj^J^a^ ^ 26°^, (2.22) 

^0^(2)^. = 29(^e^2^), ^ = 2e(3). (2.23) 

Therefore we have to prove that like the previously investigated scalar-higher 
spin coupling case [2], the interaction with the spin four gauge field leads to the 
additional interaction with the lower even spin two field. To do that according to 
the previous lesson we start from a spin one gauge invariant ansatz for the spin 
four transformation of A^ field 

6lA, = e^^^d.dxF.^. (2.24) 

Thus we have now the following variation of Cq 

5lCo = 6li-h^,F'^'') = i5lA,)d,F'^'' = -d^ieP^''d,dxF,^)F>^\ (2.25) 
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After some algebra, again neglecting total derivatives and using the Bianchi 
identity for F^j, 

d^F,^ + d,Fx^ + dxF^, = 0, (2.26) 
and taking into account the important relation 

- d^e^^'-d.F^-'dxF^, = -9(^e''"'^)9(,F/9AF,). + ^ef^-^d-" F.^d'^ F,^ 

_la-eP^-aAF..9'^F^p - ^ef^^d^F^.d-'F,^, (2.27) 
we arrive at the following form of the variation convenient for our analysis 

6lCo = -d'^^eP^^^d^pF^d^F^), + ^eff)9^F^A5^i^.. + U\'^^dxF^,d,F>^' 
- dx{e\^)F^,)d,F->' - -^el^^d^-F^xd^F^^ - ^^dPe^^^d^F^pd^F^, 
+ - i6(3)F,.F^^ (2.28) 

Returning to the gauge variation of the spin four field fl2.16p we notice that 
all terms in the first line of (12.281) and the first two terms in the second line 
can be integrated to the interaction terms. The last term in the second line is 
proportional to the free field equations but is not integrable, so we can cancel 
this term only by changing the initial variation of (I2.24p . The modified form 
of (12:241) is 

5]A^ = eP^'^d.dxF.^ + ]^d,e^x,d^F''P. (2.29) 

Therefore 

£i = - \hfp^^d^Fpxd^F,, - hfp^^dxF^^d^F^" 

+ dx{\hfp^^F^„)d,F''^ + hifP^^'d^^F^^d^F,, 

- \h^''^^^F^„F/ + hifPF^^F^^^ (2.30) 

But the two terms in the second line are proportional to the equation of 
motion for the initial Lagrangian (12.11) . hence they are not physical and can be 
removed by the following field redefinition 

A,-^A,~ dx{\h:'"F,^) - lh\,„d^F^-. (2.31) 

So we can drop the second line of (I2.30p . 
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Another novelty in fl2.30p in comparison with the previous case is the third 
hne of (12.281) . Comparing with (12. 9p we see that we can integrate these two terms 
introducing an additional spin two field coupling and compensate the first and 
third line introducing the linearized Lagrangian (12.181) for the coupling of the 
electromagnetic field to the spin four and spin two fields with the set of higher 
spin field transformations (I2.21I) - (I2.23I) . 

Therefore we proved that the interaction with the spin four gauge field leads 
to the additional interaction with the lower even spin two field. 



3 Generalization to the 2-2-4 and 2-2-6 interac- 
tions 

In this section we turn to the spin two field as a lower spin field in the con- 
struction of the higher spin gauge invariant interactions with spin 4 and spin 6 
gauge potentials. And again we want to keep manifest the lower spin two gauge 
invariance. 

So proceeding similarly as in the previous section we start from the free spin 
two Pauli-Fierz Lagrangian [22] 

(3.1) 

and try to solve the following Noether's equations, either 

4i£o(/iS) + 6'^Mh(;},h(^^-^'n = 0, (3.2) 

or 

Again we present first the final result for the 2-2-4 gauge invariant interaction 

^lV''tMU^ "'al3,iu) ~ 4 ^ i^)a|3fluV''^ll^ ) 

1 1 

with the following gauge transformations 

^ehf, = e''"'^9,rA.,^. - 9,e,^(,J^f ^ (3.5) 
^0|^{i)^,p\a ^ ^Qip^pXa)^ d'ihfp^^ = 2eff). (3.6) 

The final result for the 2-2-6 case correspondingly looks like 
6 6 



This formula together with the corrected gauge transformation 

50;^(4)MPA<x ^ 45(Mega)^ = 2el^) (3.10) 

solves completely Noether's equation (13.31) . 

^\cT,^iv here is the spin two gauge invariant symmetrized linearized Riemann 
curvature 

^{al3,ii)iy = 0, (3-12) 

introduced by de Witt and Freedman for higher spin gauge fields together with 
the higher spin generalization of the Christoffel symbols [2^. This symmetrized 
curvature is more convenient for the construction of an interaction with symmet- 
ric tensors. The corresponding Ricci tensor (Fronsdal operator for higher spin 
generalization) and scalar can be defined in the usual manner using traces 

= r;.,A = Oh^2 - 25(M^"^?)l + d,d.h^^'>'^, (3.13) 
T = J=^^= liuhf^ - d^d^^'^^"). (3.14) 

In terms of these objects the Bianchi identities can be written as 

= <9(prj,)A,Q,/3 + d(^a^j3)x,ij,u, (3.15) 
dxJ^a/S = d^'^^x^aP + d(^a^f3)x, (3.16) 

d'J'x, = \d,K- (3.17) 

So to prove fl3.4l) - fl3.6p we introduce the following starting ansatz for the spin 
four transformation of the spin two field 

= ^''''dpTxa,,u, (3.18) 
Then a variation of (13. ip with respect to (13. 4p is 

SlLoih^^}) = = -(-^^^ - \9"':Fy'''d,Tx.,,.. (3.19) 

To integrate it and solve the equation (13.21) we submit to the following strategy: 

1) First we perform a partial integration and use the Bianchi identity (13.161) 
to lift the variation to a curvature square term. 

2) Then we make a partial integration again and rearrange indices using (13.121) 
and (I3.15P to extract an integrable part. 

3) Symmetrizing expressions in this way we classify terms as 
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• integrable 

• integrable and subjected to field redefinition (proportional to the free field 
equation of motion) 

• non integrable but reducible by deformation of the initial ansatz for the 
gauge transformation (again proportional to the free field equation of mo- 
tion) 

Then if no other terms remain we can construct our interaction together with 
the corrected first order transformation. Following this strategy after some fight 
with formulas we win the battle obtaining the following expression 

~ (2) + ^^^a^^PP^t^'' ^,{2) ' (3.20) 



where 



( ) 

'^t^)aPi,v =^{ol(3^ uu) - 9{aP^l^ y)a = - Jyi^^ uu) + 9ia(S—^J^ ^)^,(3.22) 

tier 

a/3 + • (3.23) 



So we see immediately that in fl3.20l) only the last term of the second line is not 
integrable but proportional to the equation of motion and can be dropped by the 
correction (13. 5p to the initial gauge transformation (I3.18p . Other terms of (13.201) 
can be integrated to 

(4) ^ _ 1 A(4)a/3/.i^ AlrW ^A(2)^ ,Tr(4) A , ^ A(4)aMi^r 

M^',"/? (2)- 

(3.24) 

On the other hand taking into account (13.221) and (I3.23P we can compensate 

) 

(^) 



\&[t^N and the last term in (I3.24p by the following field redefinition 



- - ^/^i^^-^^r..,.. - -/S'-'^^x + \h^Vi,^.)>^- (3-25) 

Thus after field redefinition we arrive at the 2-2-4 gauge invariant interaction 
(13. 4p with the gauge transformations (13. 5p . (13. 6p . 

Now in possession of knowledge about the 2-2-4 interaction we start to con- 
struct the most nontrivial interaction in this article between spin 2 and spin 6 
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gauge fields fl3.7p - fl3.10p . We would like to check the appearance of the 2-2-4 
coupling during the construction of 2-2-6 which we expect from the analogy with 
the scalar case considered in [H [2] and the 1-1-4 case considered in the previous 
section. 

To proceed we have to solve the following initial Noether's equation 

6lCo{h^) + 6',C,{h^;i h^X^,) = 0, (3.26) 

with a starting ansatz for the spin 6 first order gauge transformation for the spin 
2 field: 

= e"^P^'^ix)d^dpd,T,^,^,{x), (3.27) 

and the standard zero order gauge transformation for the spin 6 gauge field 

SOh'^e^^'^''^''P = 6(9(^e^"^"^)(x), (3.28) 
^o^(6)Ma/3<xp _ 2e'^f{'. (3.29) 

First of all we have to transform the variation 

SlCoih^^}) = -iJ^^" - \g^'':F)e'^^''^'^d^dpd,T^„,,,, (3.30) 

into a form convenient for integration. Following the same strategy as before in 
the 2-2-4 case, using many times partial integration and Bianchi identities f l3.12p . 
f l3.15p -f l3?T71) . we obtain after tedious but straightforward calculations 

-^r:.(r,^,6)^, (3.31) 

ohl 



where 



-29(ai3d'^^f,^^''^daTxp),K5, (3.32) 

(4) 2 
'^{r)al3fiu = ^{aP, ^fJ.>^),po^ ~ gS'^r/''^ ^u)p,aX, (3.33) 

and i?f^j(r, e)-^7§)- are remaining integrable terms proportional to the equation 
of motion. Indeed the symmetric tensor Rf^^{T, JF) is expressed through the only 
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integrable combinations of derivatives of the gauge parameter 



£(1) OaOiSi- X5, 



- 

3 



^(1) 

-(1) 



(2) 



3 



(1) 



2^(3) -^a ■ 

(3.34) 



The second hne in f l3.3ip is not integrable and therefore can be cancelled by the 
following deformation of the initial ansatz for the transformation (13.271) 



Then substituting into flOill d^^e"^^^"'^ with 1/^(6) Aa/?^^!- ^ d^'^e'^^^'"^ with lh^^)"P^"' 
and correspondingly 2e'^f^^'^ and 26^3^ with their traces, we can integrate the first 
and third line of (13.311) to 



/:i(/l(2),/,(4),/,(6)) = _l/,(6)«/3/..Ap^(6)^ 



(r)a/3/ii/Ap 



+ 



1^(4)0/3^1' ^(4) 



(r)a/3/.i. 



6h 



(2) 



(3.36) 



where 



12 ^ 4 D 
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(3.37) 



(3.38) 



Now we define a field redefinition for h^'^^^'^ 

using which we can drop the last term in (I3.36p . 

Thus we arrive at the promised result that the 2-2-6 interaction automatically 
includes also the 2-2-4 interaction constructed above, and the corresponding tri- 
linear interaction Lagrangian is (13.71) . This formula together with the corrected 
gauge transformations (I3.8I) - (I3.10I) solves completely Noether's equation (13.31) . 

Finally note that these interactions should reproduce the flat space limit of 
the Fradkin-Vasiliev type nonlinear interactions |t4j constructed in an AdS back- 
ground. For some other vertices i.e. 2-s-s and 1-s-s with additional nonabelian 
symmetry such construction and connection with Fradkin-Vasiliev formalism can 
be found in [9], where authors used BRST-cohomological approach. 
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4 2s-s-s interaction Lagrangian 

The most elegant and convenient way of handling symmetric tensors such as 
h^^}fi2...iis{z) is by contracting it with the s'th tensorial power of a vector of the 
tangential space at the base point z [ll]-[18] 



/.W(z;a) = J](n«''0/^il....,.(^)- (4.1) 

Hi i=l 

In this way we obtain a homogeneous polynomial in the vector of degree s. In 
this formalism the symmetrized gradient, trace and divergence ar^ 

Grad : h^'\z; a) Gradh^'^^\z; a) = {aV)h^'\z; a), (4.2) 

Tr : h^'\z- a) Trh^'-^\z; a) = —^-—U^h'^'Uz; a), (4.3) 

s(s- 1) 

Div : h^'\z; a) Divh^'-^\z; a) = ^(yda)h^'\z; a). (4.4) 

The gauge variation of a spin s field is 

6h^'\z; a) = s{aV)e^'-^\z; a), (4.5) 

with traceless gauge parameter 

nj^-'\z;a) = 0, (4.6) 

for the double traceless gauge field 

nlh^^\z;a) = 0. (4.7) 

We will use the deWit-Freedman curvature and Cristoffel symbols [20l [21] . 
We contract them with the degree s tensorial power of one tangential vector a'* 
in the first set of s indices and with a similar tensorial power of another tangential 
vector b'^ in its second set. The deWit-Freedman curvature and n-th Cristoffel 
symbol are then written as 

r^'\z;b,a) : r'^'\z;b, Xa) = r'-'\z; Xb,a) = X'r^'\z;b,a), (4.8) 
rg(z;6,a) : rg(^; 6, Aa) = ATg(z; 6, a), (4.9) 

rg(z;A6,a) = A"rg(z;6,a), (4.10) 

rW(z;6,a) = rjJ)(z;6,a)|„=,. (4.11) 



^To distinguish easily between "a" and "z" spaces we introduce for space-time derivatives 
g|jr the notation and as before we will admit integration everywhere where it is necessary 
(we work with a Lagrangian as with an action) and therefore we will neglect all space-time 
total derivatives when making a partial integration 



12 



Next we introduce the notation *a, *b for a contraction in the symmetric spaces 
of indices a or 6 

= J^^Il^a^:^, (4.12) 

All required manipulations in the framework of this formalism are discussed in 
the Appendix of this paper. Here we will only present Fronsdal's Lagrangian in 
terms of these conventions: 

Coih^'\a)) = -^h^'\a) ^(^)(a) + —^—D,h^^\a) □,^(^)(a). (4.13) 
2 Ss(s — 1) 

where J-'^^\z; a) is so called Fronsdal tensor 

^(^)(^; a) = nh'^'\z- a) - {aV){Vda)h'~'\z; a) + ^{aVya,h'^'\z; a) (4.14) 
To obtain the equation of motion we vary (14. 13p and obtain 

6Co{h^'\a)) = -(^(^)(«) - jna^(^)(a)) *a Sh^'\a). (4.15) 

Zero order gauge invariance can be checked easily by substitution of (14.51) into 
this variation and use of the duality relation flA.5l) and identity flA.291) taking into 
account tracelessness of the gauge parameter (14.61) . Now we turn to the general- 
ization of Noether's procedure of the 2-2-4 case to the general s-s-2s interaction 
construction. Noether's equation in this case looks like 

5(i)£o(/i^'n«)) + SoCi{h'^'\a), h^^'\b)) = 0. (4.16) 

And we would like to show that the solution of the latter is (with generalized 
Bell- Robinson current [3]) 

C,{h^^\a),h('^\b)) = j-h^'^\z-b)H^^(?^\z-,b), (4.17) 

v^j^;^(z;6) = rW(6,a) *.rW(^«) " ^(7^^JrW(6, a) *,d^r^^\b,a). (4.18) 

To prove this we must propose a first order variation of the spin s field with 
respect to a spin 2s gauge transformation. Remembering that Fronsdal's higher 
spin gauge potential is double traceless, we must make sure that the same holds 
for the variation. Expanding the general variation in powers of 

6h^'\a) = (5/ig(a) + a^6h^'-^\a) + {a^f6h^'-^\a) + . . . , (4.19) 

we see that the double tracelessness condition o'^5h^^\a) = expresses the third 
and higher terms of the expansion (14.191) through the first two free parameters 
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From the other hand Fronsdal's tensor is double traceless 



by definition and therefore all these O(a^) terms are unimportant because they 
do not contribute to (14.151) . This leaves us freedom in the choice of 5h^^~^\a). 
Substituting fl4.19l) in fl4.15l) we discover that the following choice of 5h'^^^'^\a) 



(4.20) 



2{D + 2s-2) 
reduces our variation (I4.15P to 

5i^i)C,{h^'\a)) = -^(^)(a) 5/ig(a). (4.21) 
Then we propose the following spin 2s transformation of the spin s potential 



^'J(a) = U{h, a, 2, s)e^'-\z] h) h T'''\z; b, a), 



where 



U{b,a,2,s) 



(.-1)! 



n 

k=2 



(4.22) 
(4.23) 



is operator dual to 

[(6V) - haV)B,]U{b,a,3,s) = fJ^W) - UaV)B,] 



k=2 



(4.24) 



z] a) 



with respect to the *a,h contraction product. Taking into account flA.221) and 
Bianchi identities f lA.281) we get 

(5(i)£o(/^^'Ha)) = b) H r^'\z; b, a) [(6V) - ^(aV)5jW(6, a, 3, s)^W( 

= e-^'-^z; b) H T^'\z- b, a) -^-^[(bV) - ^ia\/)Bap,T^'\z; b, a) 

= e^'-\z; b) H b, a) -{Vd,)T^'\z; b, a) 

s 

= -{bV)e''-\b) HT^'\b,a) T^'\b,a) - ^'-\b) h V^T^'\b,a) -d^T^'\b,a). (4.25) 



§For completeness we present here the solution for Sh'-'^ ^H'^) following from the double 
tracelessness condition 



8aia2 



ak=D + 2s-{4: + 2k), fee {1,2}. 
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Then using a secondary Bianchi identity (]A.27p and a primary one (]A.6P one can 
show that 

1 



2s(s + l)(2s- 1) 



iVd,)e'^~\b) *,5jr(^)(6,a) *„5,^r(^)(6,a). (4.26) 



Putting all together we see that the integrated first order interaction Lagrangian 
(I4.17P supplemented with transformation fl4.22p for /i'-'*^ (a) and the standard zero 
order transformations for h^"^^^ (a) 

6oh^^'Hz; h) = 2s{bV)e^^'-^\z; b), (4.27) 
6oa,h^^'\z; b) = Asiyd^,)e^^'-^\z- b), (4.28) 

completely solves Noether's equation 04.161) . Note that here just as in the 2-2-4 
case we did not obtain an interaction with lower spins because all derivatives 
included in the ansatz were used for the lifting to the second curvature. 



5 Conclusions 

We presented interaction Lagrangians for triplets of higher spin fields, a pair of 
which has equal spin si whereas the third has even spin S2 > 2si. Besides the 
Lagrangians the next-to-leading order of the gauge transformations is given. The 
fields of smaller spins appear combined into currents of the Bell-Robinson form 
[3]. Remarkable is that for one such spin S2 the interaction implies the existence 
of a whole ladder of interactions for smaller spins S2 — 2n > 2si. 
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Appendix 

To manipulate reshuffling of different sets of indices we employ two differentials 
with respect to a and b, e.g. 

Ab = (adb), (A.l) 
Ba = ibda). (A.2) 

Then we see that operators ^4^,0^, 6^ are dual (or adjoint) to 5^, D^, with 
respect to the "star" product of tensors with two sets of symmetrized indices 

(iiSD 

iA/(™-i'")(a, h) *a,b ^7("^'"-^)(a, b) = /('"-^'"Ha, b) lE,^K"-i)(a, 6), (A.3) 



n m 
a 



V^'"-''"^(a,6) *.,,^/(™'")(a,6) = /("'-^'"^(a, 6) . ^ oJ"^^-\a,b). 

m[m — 1) 

(A.4) 

In the same fashion gradients and divergences are dual with respect to the full 
scalar product in the space (z, a, b) 

(^V)/(— 1'")(^; a, b) *a,b ^?^'"'"^(^; a, b) = -/(™-i'")(^; a, b) -{yda)g^^'''\z- a, b). 

m 

(A.5) 

Analogous equations can be formulated for the operators 6^ or 6V. 
Now one can prove that [Sni [IE] : 

Ar(*) {z; a, b) = BaT^'^ {z; a,b)=0. (A.6) 

These "primary Bianchi identities" are manifestations of the hidden antisymme- 
try. The n-th deWit-Freedman-Cristoffel symbol is 

r\'Jjz;b,a) =rS„ bP\..bP"a^'\..a^'' 

1 , ,(s) 



[(6V)--(aV)i?jr;;^_y(z;6,a), (A.7) 



n 
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or in another way 

rg(z;6,a) = ([[[m - l{aV)B,])h^^\z;a). (A.8) 



k=l 

Using the following commutation relations 



[i?„,(aV)] = (6V), 


(A.9) 


[Bt{aV)] = kBt'm, 


(A.IO) 


[Ba,{aVf] = k{bV){aVf-\ 


(A.ll) 


n,,{bvy = tit - l)ibvy-^a, 


(A.12) 


dl{bvydj:Bi = tj{bvy-'Bi-\vda), 


(A.13) 


n,Bi=j{j-l)Bi-'n,, 


(A. 14) 



and mathematical induction we can prove that 

k=0 

The gauge variation of the n-th Cristoffel symbol is 



rg(^;6,a) = ^LL(5vr^(aV)'=i?„^/.W(^;a). (A.15) 



5rjJ)(^;6,a) = ^—^(aVr+'B:e^^-'\z;a), (A.16) 

putting here n = s we obtain gauge invariance for the curvature 

5rg(z;6,a) = 0. (A.17) 

Tracelessness of the gauge parameter (14.61) implies that b-traces of all Cristoffel 
symbols are gauge invariant 

□,5rg(;^;6,a) = ^l-^(aV)"+^i?r^n„e(-i)(^;a) = 0. (A.18) 

Thus for the second order gauge invariant field equation we can use the trace of 
the second Cristoffel symbol, the so called Fronsdal tensor: 

^W(^;a) = ^□,rg(^;6,a) 

= nh^-'\z; a) - iaV){Vda)h^'\z; a) + haVyn,h^'\z; a).(A.19) 

Using equation flA.lSp for Cristoffel symbols and after long calculations we obtain 
the following expression 

°brg(z;6,a) 

{-^\^ 

= V ^Ti^{n -k){n-k- l){bVT-''~\aVfBlT^'\z- a). (A.20) 

K ! 

fc=0 
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We have expressed the b-trace of any r|J^ through the Fronsdal tensor or the 
b-trace of the second Cristoffel symbol, but this is not the whole story. Using 
mathematical induction and flA.9|) - flA.14p again we can show that 

J2 ^-^(^ -k){n-k- l){hVY~''~\aVfB'lJ^^'\z- a) 

fc=0 

= n{n - l)(n[(&V) - ^{aV)B,])T^'\z- a). (A.21) 

fc=3 

In particular for the trace of the curvature we can write 

ni,V^'\z- b, a) = s{s - l)W(a, 6, 3, s)J^^'\z; a), (A.22) 

where we introduced an operator mapping the Fronsdal tensor on the trace of 
the curvature 

" 1 

W(a, b, 3, s) = HiibV) - ^{aV)Ba]. (A.23) 

A;=3 

Now let us consider this curvature in more detail. First we have the symmetry 
under exchange of a and b 

T^'\z;a,b) = T^'\z;b,a). (A.24) 

Therefore the operation "a-trace" can be defined by (]A.22p with exchange of a 
and b at the end. The mixed trace of the curvature can be expressed through the 
a or 6 traces using "primary Bianchi identities" (1A.6P 

idad,)T^'\z;b,a) = -^B,n,T^-'){z;b,a) = -^A,a,T^-'){z;b,a). (A.25) 

The next interesting properties of the higher spin curvature and corresponding 
Ricci tensors are so called generalized secondary or differential Bianchi identities. 
We can formulate these identities in our notation in the following compressed 
form ([...] denotes antisymmetrization ) 

^Av,r'.)(.;„,6)=0. (A.26) 

This relation can be checked directly from representation (1A.15I) . Then contract- 
ing with a'^ and 6^ we get a symmetrized form of (1A.26I1 

sV^rW(2; a, b) = (aV)a;^r(^)(z; a, b) + {bV)d'^T^'\z; a, b). (A.27) 

Now we can contract flA.27p with a (9^ and using flA.25P obtain a connection 
between the divergence and the trace of the curvature 

{s-l){Vdk)T'^'\z-a,b) = [(6V) - ^{aV)B,p,T'^'\z;a,b). (A.28) 

20 



These two identities with a similar identity for the Pronsdal tensor 

{Vda):F^'\z-a) = ^(aV)n„^(^)(^;a), (A.29) 
play an important role for the construction of the interaction Lagrangian. 
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